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Optical Solitons in a Monomode Fiber

Yuji Kodama'~

We discuss the propagation of optical solitons in a monomode fiber as a model
of long-distance-high-bit-rate transmission system. We give several new results
which did not appear in our previous papers on this subject, such as (1) a
derivation of the perturbed nonlinear Schrodinger equation from the Maxwell
equation, (2) on the integrability of the perturbed nonlinear Schrédinger
equation, (3) a discussion of the soliton as a stable fixed point of certain infinite-
dimensional map generated by a transmission system with periodic excitations.

KEY WORDS: Solitons; nonlinear Schrodinger equation; perturbation
method; reshaping.

1. INTRODUCTION

In an optical transmission system using linear pulses, the bit rate of trans-
mission (i.e., channel capacity of an optical fiber) is limited by the disper-
sion character of the fiber material. The dispersion is the deterministic fac-
tor in deciding the rate of pulse broadening. To overcome this limitation,
the nonlinear change of dielectric (the so-called Kerr effect) of the fiber has
been used to compensate for the dispersion effect.”) When the frequency
shift due to the Kerr effect is balanced with that due to the dispersion, the
optical pulse may tend to form a stable nonlinear pulse (called optical
soliton). The optical solitons are now considered to have a potential
application to a high-bit-rate transmission system as shown in Ref. 2. For
the solitons, the fiber loss is the only factor that contributes to the
deterioration of the pulse quality by broadening the pulse width.”® In a
series of papers®®) we have shown that the optical solitons deformed by
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the fiber loss can be reshaped to a narrower and higher pulse during the
course of transmission through a fiber. The idea for the reshaping of
solitons is based upon a unique property of solitons that the dispersion is
balanced by the nonlinear effect. We proposed several models of long-dis-
tance transmission system, and showed numerically that the soliton can
propagate free of distortions through a fiber with periodic excitation at
appropriate distances.

In this paper, we show several new results (which did not appear in
the previous papers!") concerning the optical solitons propagating
through a monomode fiber. The paper consists of three parts:

First, starting from the Maxwell equation for the electric field in a
fiber with an inhomogeneous dielectric constant, we derive the nonlinear
Schrodinger (NLS) equation with higher-order terms (as the perturbation
terms) in an appropriate asymptotic sense. Although there have been
several publications dealing with this problem,™® most of the papers
appear to be inconsistent in several points, for example, (1) the TE or TM
mode has been assumed for the electric or magnetic field (this is not valid
when the dielectric constant is inhomogeneous), (2) the ordering of scales
in the variables (field variable and coordinates) is not clear. The method
used in this section is based on the asymptotic perturbation technique
developed by Taniuti et al (the so-called reductive perturbation
method™), and gives a consistent scheme for the derivation of the NLS
equation and the higher-order corrections. The main equation derived here
is given by the following form:

0q 103 2
lb—Z‘FE‘é—fzﬁLiCIl q
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=gz(ﬂlgjfg‘ﬂfz|L]|2-87+/331127j:>"117] (L.1)

which we call the perturbed nonlinear Schrédinger (PNLS) equation (see
below for the meaning of the variables in the equation).

Second, we discuss several properties of the equation (1.1), and its
solutions (especially, soliton), and how the perturbations on the right hand
side of (1.1) affect the integrability of the NLS equation.

Finally, we consider a feasibility of a long-distance-high-bit-rate
optical transmission system by use of solitons. In order to establish such a
system, we discuss a possibility that the soliton can be considered as a
stable fixed point of an infinite-dimensional map corresponding to a trans-
mission system having periodic excitations.
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2. DERIVATION OF THE PNLS EQUATION (1.1)

In this section, by introducing an appropriate scale of coordinates
based on the physical setting, we reduce the Maxwell equation (three-
dimensional vector equations) into the PNLS equation (one-dimensional
scalar equation) describing the optical pulse propagating through a cylin-
drical fiber.

The electric field E in an optical fiber with the dielectric constant €
satisfies the Maxwell equation,

2
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where ¢ is the speed of light, and the displacement D =€ x E may be given
in the following form:

(e+E)N)=] dieV(t—1,)E(t))

—

+ r dt, f’ dtZJ’t dt; €P(t—t, t—15,1—13)
x [E(t,) E(1;)]1 E(z3)

+ higher nonlinear terms (2.2)

Here the second term indicates the Kerr effect, and the coefficients €@, €
depend also on the spatial coordinates implying the inhomogenity in
dielectric constant. By virtue of the formula of the vector calculus, Eq. (2.1)
can be written in the form

) 1 9?

V’E T D=V(V E) (2.3)
It should be noted that V- E in (2.3) is not zero, since V- D =0 (constraint
for D in Maxwell’s equation) implies € * (V-E)= —(Vex)- E # 0. Namely,
the electric field is nor TE mode, and (2.3) cannot be reduced simply to a
scalar equation (e.g., by assuming E=V¥ x e, e a unit vector in the direc-
tion of propagation). However as far as the linear problem is concerned,
V-E can be ignored, since in the practical case the order of Ve(~V - E/|E|)
is small, O(Ve)=~10"2 for monomode fibers.®®’ [Note that the order of
nonlinearity considered here is much smaller than O(Ve), that is, the right-
hand side of (2.3) cannot be ignored when the nonlinear problem is con-
sidered. ]
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For our purpose to reduce (2.3) in the sense of asymptotic pertur-
bation method, it is convenient to write (2.3) in the following matrix form:
LE=0 (24)

where E expresses a column vector, ie., E=(E,, E,, E,), and in the cylin-
drical coordinates with the z axis as the axial direction of the.fiber, the
matrix L consisting of the three parts L=L,+ L, — L, is defined by

2 0
2 — — e — S—
4 r? r* 80 0
B 2 0 , 1 (2.5a)
L,= 550 v = 0
0 0 \'4
1 0 0
L v 12 € 0 1 0 2.5b
= ——= *
b 622 CZ atZ ( . )
0 0 1
0 l 0 . El 0 ks
orr or or r 08 oroz
1 82 1 82 1 92
L=\ 7&a’ 7P rooe (2:3¢)
1 82 1 8? a?

roroz.  rooz o2
Note that these matrices imply

16 ¢ 1 0%
_wEp_(re ¢ 1O
L”E_VLE—<r5rr6r+r2602>E

o 190
and
LE=V(V-E)

We consider the electric field as a nearly monochromatic wave propagating
along the z axes with the wave number k, and angular frequency w,, that
is, the field E is assumed to be in the expansion form,

E(r,0,z,t)= OZO: Efr, 8, ¢, t;¢) explilk,z — w,t)] | (2.6)

= —
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with E_,=E} (complex conjugate), where k,=Ik,, w,=Iw, and the sum-
mation is taken over all harmonics generated by the nonlinearity due to the
Kerr effect, and E/r, 8, &, 1;¢) is the envelope of /th harmonic changing
slowly in z and z. Here the slow variables ¢ and 1 are defined by

z

=gz, T=8<l‘———-—-) (2.7)

Ug

where the small parameter ¢(j¢| < 1) expresses the order of the nonlinearity
(i.e., the order of the electric field) and v, is the group velocity of the wave
given below. Since the radius of the fiber has the same order as the
wavelength (2m/k,), the scale for the transverse coordinates (r, #) is of
order 1. In this scale of the coordinates (2.7), we are looking at a behavior
of the field in the balance between the nonlinearity and the dispersion
which results in the forming of optical solitons confined in the transverse
direction. With (2.6) and (2.7), the displacement D=ex E=
> D, explilk,z — w,;t)] is given by

= 1 62E
Di(r, 0. &, 75 6) = €{VF + aief? == — & S [ —

i O,
- 83_3_1-61 a A3 +[ 11[213(E11 12) El}]/1+12+13=1

2 ok, . ok,
+ 6111213 _67 ' Elz E13 + el]izlg E/1 ’ _a—; EI3
i OE,,
+ €2 (Ey, - Elz)_a;l . [+ (2.8)
t+hL+4

where €{* is the Fourier coefficient €°(Q) of €(¢) at Q=w,, ie., €=
E9w,), and €& =0e/0w,,., and €?), is the Fourier coefficient
ENQ,, Q2,,Q2;) of €P(1y,1,,85) at Qy=w,, Q,=w,, 2;=0,, and
i3, = 0ei?), /ow, and so on.

We now assume that E,(r, 6, £, 7; ¢) can be expanded in terms of ¢,

E(r,0,( 1;6)= i e"Ef(r, 6, &, 1) (2.9)

n=1

Then, from (2.4), (2.6), (2.7), and (2.8) we have, at order ¢,

LEW=0 (2.10)
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where L, is L with the replacements 0/0z = ik;, 3/0t= —iw,, ex = €/%. Note
that the operator L, is self-adjoint, L;* = L,, in the sense of the following
inner product:

(U,V):f U*Vds (2.11)

D

where dS =rdrd8, D is the cross section of the fiber, and A* =the adjoint
of A=(A4;)*=(A4}). In the equation (2.10), we consider the case (of
monomode fiber) in which there is only one bound state with the eigen-
value k2 (i.e., /= +1) and the eigenfunction U= U(r, 8) (called the mode
function describing the confinement of the pulse in the transverse direc-
tion), that is, the solution to (2.10) can be written in

gV ) U(r, 0), fori=1

0, for I# +1 (2.12)

E(r, 0, &, 7) = {

Here the coefficient ¢{"(&, t) with g*) =¢{V" is a complex scalar function
satisfying certain equations given in the higher-order equation of (2.4).
From the equation L,U=0, the inner product (U, L;U)=0 gives the
linear dispersion relation k, =k, (w,),

2

k%=%‘(u,n§U)+(U,L0U) (2.13)

where 1y = (€{)/? is the index of refraction, and we have assumed the nor-
malization for U by U2+ U2=1.
At order &2, we have

oL 1 ok @ w? JE(
LE®D=j) X [ Ly~ [ ZLeo) ] 2L 2.14
e ll:_ 6w,+(vg 6w1>6w1< Tz >] ot (2.14)

from which we obtain E{2) =0 if /# +1. In the case /=1, it is required that
the inhomogeneous equation (2.14) satisfies the compatibility (or
integrability) condition,

(U, LE®)=0 (2.15)

This gives the group velocity v, in terms of the linear dispersion
relation (2.13),

1 Ok,
—=— 2.16
v, Ow, ( )



Optical Solitons in a Monomode Fiber 603

and (2.14) for /=1 becomes

0L, OE() 0L, dg{"
LEP=—i— = U
1= l@wl ot ' dw, ot

(2.17)

From (2.10) for /=1, one can find the solution of (2.17) in the form

dgiV oU

EQ =
ot dwl T

+gU (2.18)

where ¢{¥ = ¢(?)(&, 1) with g%} = ¢{®" is a scalar function to be determined
in the higher-order equation.
At order &3, we have

=0, if /# +1, +£3
9 2
= epgu-u), it 1=3

8L, OE® 10°L, 32E(

_l__._

dw, ot 20w’ o0
LEP (iaqgl)_ 10%, 8%q("
ot 20w? o7

0 w3n?
|3 (Ll 32 >] v

S POIEY. (1) (u u)u, if /=1 (2.19)

where €2 =3, , ;. -, €3,(l;= +1). (Note that €{ is a positive real num-
ber for the Kerr effect.) From (2.19), one can obtain the solutions, E{®* =0
for I +1 or +3, and since L, does not have the eigenmode (ie., ker
L3 = O)s

E@ = — 9601 g\V3L; [e@(U-U) U] (2.20)
C

which is a harmonic generated by the nonlinearity. For /=1, we again
require the compatibility condition

(U, LiEP) =0 (2.21)
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from which we obtain the NLS equation for g{!(¢, 1),
0gi"  10%, %q(V
; _-
¢ 2 0w? 01?

where v is a positive real number given by

+v g1 ¢iV =0 (2.22)

y= wlz(u eP{U-U} U) (2.23)

Hence, the optical soliton can propagate through the fiber when
k| =0%,/0w? <0 (ie., the abnormal dispersion)"). Here, it is worth noting
that the explicit form (2.18) for E{?’ does not need in the calculation of the
compatibility condition (2.21), and that (2.21) can be calculated directly
from the equations for E{¥ and E{, ie., (2.10) and (2.17).

In order to see the effects of the higher-order terms, one needs to find
the equation for ¢{» in (2.18). For this purpose, we have, at order &*, the
equation L,E{*® for /=1,

0L, 0E® 10°L, 0°E® id°L, 0°EV

LEW= ;22 z i
Yoo o T30 5 T e o0

0 win?
¥ [ak (Ll 2 )]

x<iaE<12> 1 0%, °EQ® ia3k163E§1))
06 20w? 0t 60w} o1’

L] L_wfng 0 (,OEY i 0% 0*E()
do \ ' 2 )\ dE 2002 017

2 . BN Bk
5511;13 Z (EX) EE{)) EEJ)

|
Q"’I ew
1

i+j+k=4
3 el
+i Y ;’*'Z’aa (E- () E(“} (2.24)
=1 l nh+h+i=1

where [ (Ef"- E{D) E{V]/0t, = (OE{ /ot - E{) E{1 and so on. Using (2.10),
(2.17), (2.19) and the remark below (2.23) [i.e., without solving (2.19) for
E(*], one can calculate the compatibility condition for (2.24), ie
(U, L, E®}=0. The resulting equation for ¢{* from the compatibility con-
dition is

.09 10%k, 0%

_2 W 1gV[2 g 4 yg(2g@)%
I 5 23w 0 +2v {giV]" ¢ qy gy

3.(1)

' ( Sl
= 10l 8T3

——+ iy q{V 4

iy gib)2 ‘“ (2.25)
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where ai=1, 2, 3) are real constants given by

oy

w2 (v Lo urepuulu) o

C!)2

1
(X3 =5
2k3c?

(U, {42)_6_ [ky(U-U)T—e23(U- U)} U) (2.26¢)
0w,

with eP =€, +€?),, +€? |, and €?) =€), +€¥ |, +€?_;. Through
the paper, we study an equation for a function ¢(7, Z) in the form (1.1),
which is equivalent to the equation combined (2.22) and (2.25) with the
normalizations, T=1(—2mk/k;)""% z=_E(k,/2m), q=1/v(g +eg?),
By = 0‘1(27T/k1)(_“_27fk1/k1)_3/2a By = ay(2m/vk ) ( =2k, /k,) 772, Bs=
a3(2n/vk,)(—2nk,/k,)~"? and I = 0. The fiber loss is given by an imaginary
part of the dielectric constant €{”), and may appear as the term in (1.1).%
In the practical cases, the order of " can be assumed to be ¢, I'=¢l, and
O(I ) ~1.

3. EFFECTS OF PERTURBATIONS

In this section, we first briefly summarize the facts of the NLS
equation as a completely integrable system, and then study the effects of
perturbations based on the PNLS equation derived in the previous section.

The NLS equation considered here is given by the normalized form
(1.1) with e=I"=0, ie,

g 1d%

I—=+=

57 26T2+|q|2q=0 (3.1)

For a certain class of functions ¢,(7) = ¢(7, 0), the initial conditions, [e.g.,
lqo(T)| approaches to zero sufficiently rapidly as | 7| goes to infinity], one
can solve the initial value problem of (3.1) by means of the method of
inverse scattering transform (IST). The general response q(7, Z) caiculated
by the IST method consists of N-number of solitons (N-soliton solution)
and radiations (linearlike dispersive wave) which die off asymptotically as
Z — 0. The one-soliton solution in the general form is given by

q(T, Z)=n sech (T + kZ — 0,) exp I:—ikT—i—-;‘ n*—x*)Z- iao} (3.2)
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where 7, k, 0,, and g, are arbitrary constants determined from the initial
condition.®” As mentioned before, such a solution appears due to the
balance of the dispersion effect and the nonlinear response due to the Kerr
effect. This balance can be also seen in (3.2) as the relation between the
amplitude n and the pulsewidth ~ 1/4. One of the important properties of
the soliton for the communication systems is its stability. The soliton is
known to be a stable pulse against the noise and some perturbations.*)
This is a consequence of the fact that the NLS equation has an infinite
number of conserved quantities. In this sense, we often say that the NSL
equation is completely integrable. The several conserved quantities are
given by

Ho=|" lgdr (energy)
L oq*
H=i LOO 137 dTr (energy flux) (3.3)

0q

2
_ 4 . -
3T ] ) dT  (Hamiltonian)

w=[" |
In terms of the one-soliton solution, these quantities are #,=2n,
H, = —2xn, H,=2x"n—24°/3.

We now discuss a solution of the PNLS equation (1.1). Here we
employ the perturbation method developed in Ref 10 to study the
behavior of the soliton under the influence of the perturbations in (1.1). At
the end of this section, we briefly note a recent result on the integrability of
the PNLS equation without the loss term (i.e., I'=0).

The basic idea of the perturbation method in Ref. 10 is to assume the
solution of (1.1) to be the following form (called a quasistationary
solution):

4(T, Z}=4(8, Z,; e) exp[ — i(6 — 6o) + i(0 — 00) ] (34)

where Z, is a slow variable defined by Z,=¢Z, and 6, o are the fast
variables satisfying

0_, a0 _
Er A

) (3.5)
do o 1 .
FTR A AR

Because of the perturbations, the four parameters of the soliton (3.2)
{n, k, 8y, 00} become the functions of Z,. Namely, assuming the
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quasistationarity (3.4), we expect that the solution of the PNLS equation
evolves adiabatically. Substituting (3.4) into (1.1), we have an equation
for g,

1%

1
S a2 450’0 =eF(Q) (36)

2

where the right-hand side is given by

o4 il . . N
Ag) =~ —{—— [(0—eo)x+a01+ﬂ1x3~ﬁ2x|q|2+zro}q

0z, |0Z,
Sk 294 .. ., 00%
— Bordq* — 138k — B, 141) 51 + i
’q . g
+3ﬂﬂ€b§5+lﬂ1%§ (3.7)
Let us assume that § can be expanded in terms of e,
20, Zy56)=9"0, Z,)+e4"(0, Z )+ (3.8)
where the first term §®(0, Z,) is given by the soliton form (3.2),
9'%0, Z,)=n sech n(6 — 6,) (39)

From (3.6) and (3.8), and at order ¢, setting ") = ¢ + iy where ¢ and ¥
are real functions, we have

Lpp= 16_2_*_34(0)2*1,12 §0=RCF(Q(°))
T \206° 2
(3.10)

182 1
(2 L0222y = ImF(a©
L= (33 + 497 =3 7 ) ¥ = ImF(@)
where ReF(4'”) and ImF(4”) are the real and the imaginary parts of
F(¢). Noticing that the operators L and L, in (3.10) are self-adjoint,
and Lx(0§®/80)=0, L,4® =0, the compatibility conditions for (3.10) are
given by

IO

© g NN
f 1= ReF(§) d0 =0

(3.11)
[7 aomRg©)do=0

— 00
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The conditions (3.11) lead to the equations for # and «,

dn di
—2Iyy, ——=0 3.12
az,” ot 4z, (3.12)
Thus the amplitude of soliton decays as exp(—27"Z), but the velocity
remains constant. Using these results, one can find the particular solutions
of (3.10),
04

_1 2 2
0= | 7 (0= o)+ Buxtan =) | L

| =35 (.- |4
(3.13)

do
=] =3 | (6800

(0)

+[3ﬂ1 (ﬁz+ﬁ3)]a +T5(0—0,)* g

Note that (3.13) are valid for the region |# —0,| < O(I'~'/?) only, because
of the nonuniformity due to the fiber loss I. Whereas the terms 94/on
and (0 —0,) ¢ do not cause the perturbation scheme to be nonuniform
(even these look so), since these terms can be absorbed into the leading
order solution ¢ by shifting # and x, respectively. To determine the
parameters 6, and o,, one needs to consider the initial value problem for
(1.1). The PNLS equation (1.1) derives the following equations for the con-
served quantities of the NLS equation, (3.3):

& A= 20,
) P (3.14)
N q
“ I 2 —|g|?dT
gz = "2 A6 ﬁ-*’f ‘a:r[ a7 4l
where -
H=A—eBs | lgl"dT (3.15)

Using (3.8) and (3.12), at order ¢, the equations (3.14) with the initial pulse
as the soliton solution (3.2) give the conditions

[" pg@ar=0

(3.16)

w 34(0)
| v do=pumi—ny

— 00
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where 7, =#(0). From (3.13), we have the equations for 0, and o,

do 1 2
7+ 360 =+ (3773 )
5 : (3.17)
do :
d_Z%: 2(K2 - ’72) KB, 3 K’72ﬁ2 - (3 ’72 + ’7%) Kfs

For a simple case as an important example, the solution with the initial
conditions n=1,, k =60,=0,=0 in (3.2) is given by

(T, Z)=q' T, Z) +eq"(T, Z) + O(&*)
=1 sech nfe”

1 1 " S
+ el [ro(’;‘?_ (3[31 _Eﬁz —5 ﬂ3> n tanh 170} sech nbe”
+ 0(&?), for |0|<O(I'"'*) and 0<Z<O{e™') (3.18)

where

2

A h 1 2 Carz 5
=T 10 __ z 1 - _
0=T ar, (ﬁl 3 B+ 3 133)( e )—engZ

] L (3.19)
R VT L

From (3.18) and (3.19), one can see that the higher-order dispersion and
nonlinearity characterized f.(i=1, 2, 3) modify the velocity, and deform
the shape of soliton, but only by order ¢ for all Z< (¢™"). It should be
noted that the velocity modified by these perturbations depends on the
soliton parameter %, and therefore the bound state soliton (where each of
the solitons has the different # but the same k) decays into a series of mov-
ing solitons. The main destruction of the soliton shape is caused by the
fiber loss, which gives the limitation of the bit rate of the soliton trans-
mission (see Ref 2 for details). In the next section, based upon a unique
property of solitons that the dispersion which depends on the pulse width
is balanced by the nonlinearity, we discuss the reshaping of the soliton
deformed by the loss.

Before ending this section, we note some remarks on the case of no
fiber loss, I'=0. In this case, as mentioned above, the soliton is stable in
the sense that the distortion of the shape remains order ¢ even after the dis-
tance of propagation Z~ O(¢~") (unlike the linear dispersive pulse). It is
also important and interesting to notice that the solution (3.18) with I'=0
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gives a uniform solution in T of the PNLS equation (1.1), i.e., the solution
is valid for all 7, and the equation ¢'® [soliton part in (3.18)] satisfies the
following equation (instead of the NLS equation):

80 18°0 *0

25+ 5+ 107 0 =uif, (S5 +6101° 3%

oT

2
AT o~ >+0(e) (3.20)

The equation (3.20) is sometimes called the higher-order (or the hierarchy
of) nonlinear Schrédinger (HNLS) equation which is also completely
integrable by means of the IST method with the same eigenvalue problem
for the NLS equation, and its conserved quantities are the same as those of
the NLS equation. The general form of one-soliton solution for (3.20) is
given by

O(T, Z)=nsechy[T+«kZ +ef,(n*—3k*) Z—0,]

X exp [ —ikT—l—% (n?—«*) Z +igf k(x> =39 Z — iﬂ'o}
(3.21)

With the above observation, one may expect that the PNLS equation (1.1)
with 7"=0 can be approximated by a completely integrable system (3.20)
up to order &."" In fact, there is a map & transforming (3.20) into (1.1)
with I'=0, such that

1 1 0
4= Q)= 01 (38,3 b3 b1) 52
T
— &i(68, — f2) 0 f 10| dT" + O(&?) (3.22)
Thus, up to order ¢, the solution of (1.1) with I'=0 can be expressed in
terms of that of (3.20) which can be solved exactly (i.c., the PNLS equation
without the loss may be said to be integrable up to order ¢). It can be also
shown that the map (3.22) is a canonical transformation with an
appropriate choice of Hamiltonian structure for the PNLS equation. This
situation is similar to that of finite-dimensional Hamiltonian system with
perturbations consisting of homogeneous polynomials (theory of the

Birkhoff normal form expansion). (See Ref. 12 for more discussion on this
subject.)

4. RESHAPING OF THE SOLITONS

Here we show that the solitons deformed by the fiber loss can be
reshaped by periodic excitations in the course of transmission through a
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fiber. From the discussion in the previous section, we consider the follow-
ing set of equations for a transmission system with periodic excitations:

00 10°Q 2
lé}‘*ﬁﬁ*HQl 0
o3 d .
=siﬁ1(a—TQ3+6|Q[25%>—1FQ, for Z,<Z<Z,,, (41)

and the relation of the excitations,
AT, Z,+0)=(T, Z,—0)+ G(T, Z,~-0) (4.2)

where Z,=14Z (I=0,1,2,., N) are the positions of the devices for
excitations described by the functions G/(T)=G(T, Z,—0), and AZ the
device spacing. The effect of the excitation G,(T) to the soliton (ie., the
change of the soliton parameters) can be analyzed by use of the eigenvalue
problem in the IST method. [Recall that (4.1) is integrable if I"=0.] The
soliton parameters #,=#(Z,—0) and x,=x(Z,—0) in (3.21) for
Q(T)=0Q(T, Z,—0) are given by the eigenvalue {,={(Z,—0) = (x,+ in,)/2
in the eigenvalue problem,®’

.0 .
lﬁwl‘lQlle:C/lpl

.0 .
‘lﬁwz‘lQl*'{’lzglwz

(4.3)

We compute the new eigenvalue {(Z,+0) from (4.3) with Q(T, Z'+0)
given by (4.2) in the sense of perturbation for small G,(7T) (the order of G,
is the same order as the loss rate of the amplitude). Then the variation
AL, ={(Z,+0)—{(Z,—0) can be calculated by the formula obtained from
(4.3),

a=[" @wyrornyar|(u” wrar) @

where the eigenfunctions ¥,=Y¥Y(T,Z,—0) (i=1,2) are those of the

bound state solution of (4.3). If Q,(T) is a one-soliton solution given in the
form

QAT)=n,sech n(T—0,) exp(io;) (4.5)
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then the eigenfunctions ¥, are given by

i\ Lo
Y (T)= — 5 sech n(T—6,) exp _5’71T+501

" L (46)
YT)= (‘2‘1> sech n (T —8,) exp <§ an_E o,>

[Note that (4.5) agrees with the form (3.21) with k =0.] From (4.1) and
(4.2), one can define an infinite-dimensional map for the function Q,(T),
[=0,1,2,.., that is,

014:1(T) = F4z[QT) + G(T)] (4.7)

where F,[-] is the solution of the initial value problem for (4.1), ie.,
O(T, Z)=F,[Q(T, 0)] (the one-parameter group of diffecomorphism). The
complete analysis of this map is practically impossible, because of its
infinite-dimensional aspect [even (4.1) can be solved by the IST method].
However, if the functions Q,(T) are assumed to be the solitons having the
form (4.5), then the map (4.7) can be reduced into a finite-dimensional map
for the soliton parameters {7,, 8,, g,} in (4.5). [This assumption may not
be valid for long distance, but it can be a good approximation for the field
Q/T) in the distances Z<O(I' ') where the soliton part dominates the
radiations produced by the loss and the excitations.’] From (3.12), (3.17),
and (4.4), the finite-dimensional map can be expressed by

N1 =1(Z;+0) e 242 = (5, + An,) e 247

2
611 =0, 8B, ik (4747 — 1)

AT (4.8)

’72
a,+1=a,+—é-+71(e4r"z—l) (mod 27)

where 4, is the imaginary part of 24, in (4.4), and a function of 6, and ¢,.
Here we have assumed that A{, is pure imaginary, i.e,, A{,=idn,/2, to be
consistent with the assumption (4.5) [this can be achieved by taking G/(T)
to be symmetric in 7—6,]. In the remaining part of this section, we give
two examples of such finite-dimensional maps corresponding to the trans-
mission systems with periodic excitations.

As the first example, we consider an amplification with nonlinear sup-
pression given by the following form of G,:

G(T)=o(1 =08 1Q,T)*) Q(T) (4.9)
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where o and 0 (1) are linear and nonlinear gains, and both positive real
constants. From (4.4) and (4.9), we obtain

2
Anl=2a(1—§51ﬁ) 1 {4.10)

Consequently in this case, we have a one-dimensional map for #, given by

2
n,+1=e”"z[l+2cx <1—§6nf>} 1, (4.11)

This kind of map (e.g,, quadratic map) has been studied extensively as a
model of turbulence (chaos), and shown to have the period-doubling
bifurcations corresponding to various values of control parameters o
and 6. In the case of (4.11), if « satisfies an inequality,
a>[exp(2I'dZ)—1]/2~T'AZ, then there is a fixed point %, such that

,_3 [ | _exP(2TAZ)}~3(°€—FAZ) (4.12)

T+=725 1+ 2a 5(1+ 2a)

One can also show that the fixed point (4.12) is stable for certain regions of
o and 4, e.g, as a practical case, a = [exp(2/'4Z)—1+26/3]/2 and suf-
ficiently small 4 (note that the choice of a gives #, = 1). Thus the solitons
can be reshaped into a unique soliton whose amplitude is #,,. It should be
noted that this unification of solitons is necessary to keep each soliton
separated, since the higher-order terms in (l1.1) produce the relative
velocity between two solitons with different amplitudes [see (3.21)].

The second example is the case in which the excitations are given
externally by the function

G{T)=og(T) e” (4.13)

where g(T) is a real symmetric function with max|g(7)| =1, and a(<1), f
are positive real constants. For a simple case, we consider (4.1) with ¢ =0.
In this case, from (4.4) and (4.11), we have a two-dimensional map for
{n;, 0,} (where 0, =6,=const is chosen to be zero)

v tracos(oo) [ g sechn Tar| e (1a)

and o, is given in (4.8). This map is similar to the one given in Ref. 13, and
depending on the control parameters « and f, it has many interesting
properties, such as, fixed point, regular, and strange attractors. (See also
the paper given by McLaughlin in this proceedings.)

822/39/5-6-11
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These models of the periodic excitations have been studied numerically
in the case of (4.1) with £ =0.%" The results showed that the shape of the
soliton remains amazingly persistent even for the distance
Z~NAZ~O(I'?) [the distance considered in this paper is of O(I'!)]
(N is the number of amplifications). In this scale of distance, the radiation
which is considered as an order I”? plays an important role to maintain the
structure of the soliton,® that is, one cannot reduce the infinite-dimen-
sional map (4.7) to the map consisting of the soliton parameter only (4.8).
(An analytical study of the radiation effects to the soliton at the second
order still needs to be carried out.)

As a final remark, recently Hasegawa proposed another amplification
process by use of the stimulated Raman process where the fiber loss can be
suppressed by the pump field injected externally'¥. He showed that the
Raman process gives an adiabatic process of amplification, and the spacing
of the amplifiers depending on the loss rate can be taken much longer than
the one in the example of the discrete amplification discussed here.
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